A stable three-dimensional (3D) wake structure for flow past a circular cylinder has been discovered through 3D direct numerical simulations (DNS). The stable 3D wake structure occurs over a small range of Reynolds number (Re) below the critical Re for Mode A* (i.e. Mode A with large-scale vortex dislocations, where Mode A is the first 3D instability mode which will evolve into Mode A*) instability. It is believed that the stable 3D wake structure discovered in this study is the stable state of Mode A wake structure inferred by Williamson (J. Fluid Mech. vol. 328, 1996, pp. 345-407). This confirms the wake transition sequence of 2D→A→A*→B suggested by Williamson (1996b) . Compared with conventional Mode A structure, the stable state of Mode A structure has much weaker amplitude and does not evolve into large-scale vortex dislocations. The stable state of Mode A structure is triggered by small-scale spanwise disturbance introduced upstream of the cylinder, due to energy amplification through convective instability of the flow. The stable state of Mode A is transient and is damped out eventually under a transient initial disturbance condition, but is sustained throughout under a persistent disturbance condition. The emergence of stable state of Mode A structure is correlated with both Re and the disturbance level.
well-defined and eventually disappears. With the decrease of the disturbance level, the stable state of Mode A structure emerges at a higher Re.
Introduction
Flow past a long circular cylinder at relatively low values of the Reynolds number (Re) has been the topic of extensive studies due to its fundamental and practical significance. It is well known that the flow is governed by a single dimensionless parameter Re, which is defined based on the approaching flow velocity U, the cylinder diameter D and the kinematic viscosity of the fluid ν. Methods of investigation of flow past cylinders include physical model testing, direct numerical simulation (DNS) and linear (and non-linear) stability analysis. Comprehensive reviews on investigation of flow past a circular cylinder with different methodologies can be found, for example, in Williamson (1996a Williamson ( , 1996b and Posdziech and Grundmann (2001) . It has been well understood (e.g. Williamson, 1996a ) that with increasing Re the flow structure in the cylinder wake undergoes a transition sequence of: (1) emergence of two-dimensional (2D) primary wake instability at Re ~ 47, (2) onset of (conventional) Mode A (the first three-dimensional (3D) instability mode, with a spanwise wavelength of approximately 4D and an out-of-phase sequence between the neighbouring braids) instability with large-scale vortex dislocations (denoted as Mode A*) at Re ~ 190, (3) gradual transition from Mode A* to Mode B (the second 3D instability mode, with a spanwise wavelength of approximately 0.82D and an in-phase sequence between the neighbouring braids) over a range of Re from 230 to 250, and (4) development of increasingly disordered Mode B structure for Re beyond 260. The above transition sequence of 2D→A*→B (Williamson, 1996b ) is routinely referred to in the literature. However, Williamson (1996b) inferred that "there exists a very small range of Re for which the flow is unstable to small scales of Mode A, but whose amplitude is too weak to trigger intermittent vortex dislocations".
Based on this, Williamson (1996b) suggested a possible flow transition sequence of 2D→A→A*→B, where mode "A" is free from vortex dislocations. This transition sequence is not widely adopted in the literature mainly because the stable state of Mode A has not been confirmed either experimentally or numerically.
Many previous studies have focused on identifying the critical Reynolds number
Re cr at which point Mode A* wake instability develops. The Re cr values identified by some of experimental studies are: 150 by Roshko (1954) and Tritton (1959) , 165 by Norberg (1994) , 178 by Williamson (1988 , 1989 ), 194 by Williamson (1996b , and 205 by Miller and Williamson (1994) . It was discovered by Williamson (1996b) that the low values of Re cr identified by early experimental studies were largely due to the "end effect". Williamson (1996b) Barkley and Henderson (1996) , Posdziech and Grundmann (2001) , and Rao et al. (2013) , respectively. In contrast to linear stability analysis, many previous non-linear 3D DNS studies reported higher Re cr values of ~ 200 (e.g. Karniadakis and Triantafyllou, 1992; Behara and Mittal, 2010; Zhao et al., 2013; Tong et al., 2014) .
However, based on a further refined computational mesh, the Re cr predicted by Jiang et al. (2016) was reduced to 193 -194. In previous 3D DNS studies, the Re cr was normally identified by observing a corresponding sudden drop of the Strouhal number St in the St-Re relationship (e.g. Behara and Mittal, 2010; Zhao et al., 2013; Tong et al., 2014; Jiang et al., 2016) or by analysing the growing/decaying trend of the time-history of spanwise velocity (e.g. Karniadakis and Triantafyllou, 1992) . However, less attention has been paid to the wake flow structure at Re < Re cr , although the wake structure for Re > Re cr has been studied extensively. Hence to the best knowledge of the authors, the stable state of Mode A structure at Re < Re cr inferred by Williamson (1996b) has neither been confirmed nor been proven non-existent by previous 3D DNS studies reported in the literature.
The primary aim of this study is therefore to examine and explain the existence of the stable state of Mode A structure at Re < Re cr by using 3D DNS. To work towards this aim, the rest of this paper is organized in the following manner. In § 2, the governing equations and numerical model are presented. The numerical results are then discussed in § 3. Finally, major conclusions are drawn in § 4.
Numerical model

Numerical method
The DNS have been carried out with OpenFOAM (www.openfoam.org) through solution of the continuity equation and the incompressible Navier-Stokes equations: (Issa, 1986) . The convection term is discretized using the fourth-order cubic scheme, while the diffusion term is discretized using a second-order linear scheme. A blended scheme consisting of the second-order Crank-Nicolson scheme and a first-order Euler implicit scheme is used to integrate the equations in time.
Computational domain and mesh
The computational domain and mesh are determined based on a domain size and mesh resolution dependence study for the simulation of flow past a circular cylinder at Re = 300 reported separately in Jiang et al. (2016) . The standard 3D mesh reported in Jiang et al. (2016) is adopted in this study, where the Re values are less than 200.
Based on the standard 3D mesh, Jiang et al. (2016) obtained DNS results of the wake transition of flow past a circular cylinder which are in good agreement with the experimental results reported by Williamson (1996a Williamson ( , 1996b .
For the standard 3D mesh (Jiang et al., 2016) , a hexahedral computational domain of 50D×40D×12D as shown in Fig. 1(a) is adopted. In the plane perpendicular to the cylinder span (i.e. the x-y plane), the cylinder perimeter is equally discretized with 132 nodes, and the radial size of the first layer of mesh next to the cylinder is 0.001D.
The cell expansion ratio in the whole domain is kept below 1.1. For the sake of wake flow visualization, a higher mesh resolution in the near wake is used by specifying a constant cell size along the x-direction for x/D ranges from approximately 1.0 to 5.5.
A close-up view of the standard mesh in the x-y plane near the cylinder is shown in Fig. 1(b) . The standard 3D mesh is formed by replicating the 2D mesh along the z-axis, resulting in an identical mesh resolution in all planes perpendicular to the cylinder span. The cell size in the spanwise direction is 0.1D, which results in a total of 120 identical layers of mesh along the cylinder span.
For DNS with high accuracy schemes such as spectral element method, flow three-dimensionality is normally initiated by introducing small-scale disturbances to the inlet velocity or the entire flow field at the beginning of the simulation (e.g. Henderson, 1997; Thompson et al., 2001) . The amplitudes of the initial disturbance in Henderson (1997) and Thompson et al. (2001) by using the spectral element method Re cr value predicted based on the standard 3D mesh is 193 -194 (Jiang et al., 2016) , which is very close to the experimental result of Re cr = 194 by Williamson (1996b) but slightly (~ 2%) larger than the linear stability analysis results of 188.5 (±1.0), 190.2 (±0.02), and 190.5 predicted by Barkley and Henderson (1996) , Posdziech and Grundmann (2001) , and Rao et al. (2013) , respectively, due to the slight influence of the mesh resolution. Nevertheless, the standard 3D mesh is still employed in the present study as a compromise between the computational cost and numerical accuracy.
In addition to the standard 3D mesh, a modified 3D mesh with a reduced disturbance level is also employed in the present study. As shown in Fig 
Boundary conditions
The boundary conditions adopted in the present study are the same as those used in Jiang et al. (2016) . At the inlet boundary, a uniform flow velocity U is specified in the x-direction. At the outlet, the Neumann boundary condition (i.e. zero normal gradient) is applied for the velocity, and the pressure is specified as a reference value of zero. A symmetry boundary condition is applied at the top and bottom boundaries, whereas a periodic boundary condition is employed at the two lateral boundaries perpendicular to the spanwise direction. A non-slip boundary condition is applied on the cylinder surface.
Numerical results
Level of flow three-dimensionality
The flow three-dimensionality for Re < Re cr is quantified by the spanwise disturbance energy E z integrated over the near wake region of x/D = 0 -5 (with the whole lengths in y-and z-directions), where E z is defined as:
and V is the volume of the flow field of interest. Mode B instability of flow (Jiang et al., 2016) .
Since the disturbance level in the modified mesh is significantly lower than that in the standard mesh, the magnitude of the integrated E z for Re < Re cr by using the modified mesh is approximately two orders of magnitude smaller than that based on the standard mesh ( Fig. 2(c) ). For Re > Re cr , however, the statistical stationary E z values obtained using the two meshes reach similar saturated levels. Consequently, as
Re approaches to Re cr , the increase rate of E z predicted with the modified mesh is higher than that predicted with the standard mesh ( Fig. 2(c) ). Based on linear stability theory, the flow three-dimensionality developed at Re < Re cr would be damped out completely if the disturbances due to the skewed mesh elements could have been switched off completely, which would result in an infinite increase rate of E z at Re = Re cr . This is unlikely to be achieved with the present FVM model but will be investigated further with a spectral element method in § 3.3.
3D flow structure for Re < Re cr
The wake flow structures associated with the non-zero E z values shown in Fig. 2(c) are examined by the iso-surfaces of the normalized streamwise vorticity ω x ,
where ω x is defined as:
The iso-surfaces of ω x obtained with the standard and modified meshes are shown in Fig. 3 and Fig. 4 , respectively. The results for Re < Re cr are obtained from the end of each calculation, at which point the flow is fully developed (see Fig. 2(a) ).
As shown in Fig. 3 , for Re = 194 (> Re cr ), the wake flow is initialized with the formation of a well-defined Mode A structure with a spanwise wavelength of around 4D (Fig. 3(a) ), followed by the natural development of a more stable pattern with large-scale vortex dislocations, i.e. Mode A* structure (Fig. 3(b) ). This phenomenon has been observed by Williamson (1992 Williamson ( , 1996b through physical experiments and confirmed by numerical studies based on different mathematical formulations (e.g. Henderson, 1997; Braza et al., 2001; Behara and Mittal, 2010; Jiang et al., 2016 ).
For Re < Re cr , the iso-surfaces of ω x are much weaker, and the magnitude of ω x reduces with decrease of Re (Fig. 3) , which is consistent with the trend in E z shown in Fig. 2(c) . The well-defined wake structures for Re = 193 -180, which have a spanwise periodicity of 4D and an out-of-phase sequence between the neighbouring braids, appear to be consistent with the Mode A structure (without dislocations) for Re > Re cr (e.g. Fig. 3(a) ). As shown in Fig. 3 , the wake structures for Re < Re cr gradually become less regular as Re is decreased. The wake structures observed for Re ≤ 175 do show some 3D features that are similar to Mode A structure, although they are not as well-defined as those observed for Re ≥ 180.
Overall, the DNS results indicate that a fully developed wake structure for Re < Re cr reaches to a small-amplitude stable state without large-scale vortex dislocations, whereas a regular Mode A structure for Re > Re cr will evolve into vortex dislocations spontaneously. The characteristics of the stable wake structure for Re < Re cr appear to fit with the stable state of Mode A inferred by Williamson (1996b) . For this reason, we refer this wake structure as stable state of Mode A structure. 3 is observed in Fig. 4(a) . Due to the decrease of the disturbance level by using the modified mesh with respect to the standard mesh, the magnitude of ω x is 1 to 2 orders smaller than that observed with the standard mesh, which is consistent with the results of the integrated E z value shown in Fig. 2(c) . For Re ≤ 185, the well-defined stable state of Mode A structure as shown in Fig. 4(a) is not developed (Fig. 4(b) ). This is attributed to the significant reduction of the disturbance level in the modified mesh. By comparing the results shown in Fig. 3 and Fig. 4 , it is found that the emergence of stable state of Mode A structure is correlated with the amplitude of the persistent disturbance introduced in the computational domain. When the disturbance level is increased, a stable state of Mode A structure will emerge at a lower Re. This is further confirmed by simulations with the modified 3D mesh where additional artificial disturbance is deliberately introduced in a small region at the front of the cylinder. The disturbance region, as shown schematically in Fig. 5 in the x-y plane, is expressed as 0.5 < r/D ≤ 0.6, -9.5° ≤ θ ≤ 9.5°, and 0 ≤ z/D ≤ 12 (where r is the radial distance from the cylinder centre and θ is the polar angle from the front point of the cylinder). A random spanwise disturbance with an amplitude of A 0 = 5×10 -3 U is maintained in this region through switching on the disturbance in the region whenever the averaged spanwise velocity in the region falls below 0.25A 0 , such that the disturbance level in the neighbourhood of the region will not accumulate with time.
The spanwise disturbance applied to each of the cells in the disturbance region is expressed as:
where rand(0,1) each time generates a random number between 0 and 1. 
Confirmation with spectral element method
To confirm and investigate the stable state of Mode A structure further, 3D DNS has also been carried out using a spectral element method at various Re values ranging from 150 to 200. The spectral element model used in this study is based on the framework of Cantwell et al. (2015) and will not be further detailed here. The computational domain is discretized by spectral/hp elements in the x-y plane and a Galerkin Fourier expansion in the spanwise direction. It has been checked that the simulation results are relatively independent of the computational domain size (50D×40D×12D), order of the polynomial (= 9), and the number of modes in the Fourier expansion (= 64). A random disturbance equal to 1% of the incoming flow velocity in all three directions is applied at the inlet of computational domain in the first time step of the simulation and is switched off immediately after the first time step. The 3D DNS results obtained using the spectral element method are summarized below:
(1) The Re cr predicted by the spectral element method is approximately 189, which is consistent with the prediction results using linear stability analysis (e.g. Barkley and Henderson, 1996) .
(2) At initial stages of the simulations for 175 ≤ Re < Re cr , a well-defined stable state of Mode A structure which is similar to that observed in Fig. 3(c) and Fig. 4(a) is observed by using the spectral element method (Fig. 7) . For Re ≤ 170, however, the wake structure during the initial stages of simulations (e.g. Fig. 7(g) ) is similar to that shown in Fig. 4(b) , for which the regular stable state of Mode A structure is not well-developed.
(3) As shown in Fig. 7 , the flow three-dimensionality (represented by the stable state of Mode A structure) observed at Re < Re cr is transient and will be damped out eventually when the simulation is run for a sufficiently long time. For example, the maximum value of |ω x | for Re = 175 decays from 5.0×10 -3 at t* = 200 to 1.7×10 -6 at t* = 500. When disturbance is introduced as an initial condition at Re < Re cr , the transient flow structure formed due to the initial disturbance is expected to be eventually damped out at a rate dictated by the eigenmode (Abdessemed et al. 2009 ).
In the present study, the stable state of Mode A structure at Re < Re cr observed by the spectral element method follows the characteristics of convective instability of flow addressed by Abdessemed et al. (2009) . For instance, the stable state of Mode A structure is damped out eventually in the spectral element method simulations because the disturbance is only introduced as an initial condition. In contrast, since the disturbance introduced by the FVM model (mainly due to the skewed mesh elements)
is persistent throughout the simulation, it leads to a persistent energy amplification of the disturbance through convective instability of the flow, and is thus responsible for sustained stable state of Mode A structure observed at Re < Re cr .
The present numerical results show that small-scale transient or persistent disturbance in the immediate neighbourhood of the cylinder is able to trigger the formation of well-defined stable state of Mode A structure in the near wake region at Re < Re cr . Such a condition could occur in real life situations where small-scale disturbance exists throughout (e.g. through cylinder roughness or disturbance in the approaching flow). However, it is admitted that the stable state of Mode A structure discovered in this study is difficult to be captured through physical experiments due to its small amplitude. It is seen from Fig. 2(c) 
Influence of disturbance level on Re cr
Since the bifurcation to the secondary instability is subcritical, the bifurcation point Re cr may be affected by the disturbance level introduced in the flow field (Barkley and Henderson, 1996) . Based on the linear stability analysis results reported in the literature (e.g. Posdziech and Grundmann, 2001) , the bifurcation would occur at
Re cr ~ 190 if the disturbance introduced in the flow is infinitesimal. In contrast, if the disturbance level is in the order of the free-stream velocity, the Mode A* flow would occur and persist at an Re at the lower end of the hysteresis range. According to the 3D DNS studies by Behara and Mittal (2010) and Akbar et al. (2011) , the hysteresis range is about ∆Re = 3 -5 below the Re cr of ~ 190 predicted by linear stability analysis. Within the hysteresis range, the secondary instability can only be triggered when the disturbance is beyond a certain level, and the onset point Re cr decreases with increase of the disturbance level (Schmid and Henningson, 2000) .
Based on this, the Re cr for the standard and modified 3D meshes are calculated with different levels of additional artificial spanwise disturbance introduced at the front of the cylinder (the shadow region shown in Fig. 5 ), and the results are shown in Fig. 8 . As expected, the Re cr decreases slightly with increase of the disturbance level due to the subcritical nature of the secondary instability. When the disturbance level is smaller than 5×10 -3 U, the influence of disturbance level on the Re cr is negligible.
However, with the decrease of disturbance level, the Re cr for the standard and modified 3D meshes converge at different values (Fig. 8) . Excluding the influence of disturbance level, the slight difference of Re cr for the two meshes is believed to be attributed to the slight change of the computational mesh resolution (which would affect numerical diffusion) close to the cylinder in the x-y plane due to the use of different mesh topologies (Fig. 1(b) versus Fig. 1(c) ). 
Conclusions
This paper demonstrates the existence of stable state of Mode A wake structure for flow past a circular cylinder as inferred by Williamson (1996b) , based on three-dimensional (3D) direct numerical simulations (DNS) using both finite volume and spectral element methods. The stable state of Mode A wake structure is observed at the Reynolds number (Re) in a range below the critical Re for Mode A* instability (Re cr ), and this leads to a wake transition sequence of 2D→A→A*→B as suggested by Williamson (1996b) . Similar to the conventional Mode A structure observed for Re > Re cr , the stable state of Mode A structure also has a spanwise periodicity of approximately 4 cylinder diameters and an out-of-phase sequence between the neighbouring braids. However, the stable state of Mode A structure has much weaker amplitude and does not evolve into large-scale vortex dislocations. This may be the reason why it could not be captured easily through physical experiments.
It is believed that the stable state of Mode A wake structure formed immediately downstream of the cylinder at Re < Re cr is triggered by small-scale spanwise disturbance introduced upstream of the cylinder, due to energy amplification through convective instability of the flow. Under a transient initial disturbance condition (as may be implemented using a well-refined spectral element method), the stable state of Mode A structure is transient and is damped out eventually. Under a persistent disturbance condition (as is likely to be the case using the finite volume method due to unavoidable numerical disturbance associated with a 3D mesh, or in real life situations where small-scale disturbance exists throughout), the stable state of Mode A structure is sustained throughout.
It is also found that the emergence of a stable state of Mode A structure is correlated with both Re and the disturbance level. With the decrease of Re, the stable state of Mode A structure gradually becomes less well-defined and eventually disappears. With the decrease of the disturbance level, the stable state of Mode A structure emerges at a higher Re.
